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Abstract. On the torus group, on the group of p–adic integers and on the p–adic solenoid we
give a construction of an arbitrary weakly infinitely divisible probability measure using a random
element with values in a product of (possibly infinitely many) subgroups of R. As a special case
of our results, we have a new construction of the Haar measure on the p–adic solenoid.
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1 Introduction
Weakly infinitely divisible probability measures play a very important role in limit theorems
of probability theory, see for example, the books of Parthasarathy [11], Heyer [9], the papers
of Bingham [4], Yasuda [14], Barczy, Bendikov and Pap [2], and the Ph.D. theses of Gaiser
[7], Telo¨ken [12], Barczy [1]. They naturally arise as possible limits of triangular arrays
described as follows.
Let G be a locally compact Abelian topological group having a countable basis of its
topology. We also suppose that G has the T0–property, that is,
⋂
U∈Ne
U = {e}, where e
denotes the identity element of G and Ne is the collection of all Borel neighbourhoods of
e. (By a Borel neighbourhood U of e we mean a Borel subset of G for which there exists
an open subset U˜ of G such that e ∈ U˜ ⊂ U.) Let us consider a probability measure µ
on G and let {Xn,k : n ∈ N, k = 1, . . . , Kn} be an array of rowwise independent random
elements with values in G satisfying the infinitesimality condition
lim
n→∞
max
16k6Kn
P(Xn,k ∈ G \ U) = 0, ∀ U ∈ Ne.
If the row sums
∑Kn
k=1Xn,k of such an array converge in distribution to µ then µ is
necessarily weakly infinitely divisible, see, e.g., Parthasarathy [11, Chapter IV, Theorem
5.2]. Moreover, Parthasarathy [11, Chapter IV, Corollary 7.1] gives a representation of an
arbitrary weakly infinitely divisible measure on G in terms of a Haar measure, a Dirac
measure, a Gauss measure and a Poisson measure on G.
In this paper we consider the torus group, the group of p–adic integers and the p–adic
solenoid. For these groups, we give a construction of an arbitrary weakly infinitely divisible
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measure using real random variables. For each of these three groups, the construction consists
in:
(i) finding a group, say G0, which is a product of (possibly infinitely many) subgroups
of R. (We furnish G0 with the product topology. Note that G0 is not necessarily
locally compact.)
(ii) finding a continuous homomorphism ϕ : G0 → G such that for each weakly infinitely
divisible measure µ on G, there is a probability measure µ0 on G0 with the property
µ0(ϕ
−1(B)) = µ(B) for all Borel subsets B of G. (The probability measure µ0 on
G0 will be given as the distribution of an appropriate random element with values in
G0.)
Since ϕ is a homomorphism, the building blocks of µ (Haar measure, Dirac measure,
Gauss measure and Poisson measure) can be handled separately.
We note that, as a special case of our results, we have a new construction of the Haar
measure on the p-adic integers and the p-adic solenoid. Another kind of description of
the Haar measure on the p-adic integers can also be found in Hewitt and Ross [8, p. 220].
One can find a construction of the Haar measure on the p-adic solenoid in Chistyakov [6,
Section 3]. It is based on Hausdorff measures and rather sophisticated, while our simpler
construction (Theorem 5.1) is based on a probabilistic method and reflects the structure of
the p-adic solenoid.
2 Parametrization of weakly infinitely divisible mea-
sures
Let N and Z+ denote the sets of positive and of nonnegative integers, respectively. The
expression “a measure µ on G” means a measure µ on the σ–algebra of Borel subsets of
G. The Dirac measure at a point x ∈ G will be denoted by δx.
2.1 Definition. A probability measure µ on G is called infinitely divisible if for all
n ∈ N, there exist a probability measure µn on G such that µ = µ∗nn . The collection of
all infinitely divisible measures on G will be denoted by I(G). A probability measure µ
on G is called weakly infinitely divisible if for all n ∈ N, there exist a probability measure
µn on G and an element xn ∈ G such that µ = µ∗nn ∗ δxn. The collection of all weakly
infinitely divisible measures on G will be denoted by Iw(G).
Note that I(G) ⊂ Iw(G), but in general I(G) 6= Iw(G). Clearly, I(G) = Iw(G) if all
the Dirac measures on G are infinitely divisible. In case of the torus and the p–adic solenoid,
I(G) = Iw(G), see Sections 3 and 5; and in case of the p–adic integers, I(G) 6= Iw(G),
see the example in Section 4. We also remark that Parthasarathy [11] and Yasuda [14] call
weakly infinitely divisible measures on G infinitely divisible measures.
We recall the building blocks of weakly infinitely divisible measures. The main tool for
their description is Fourier transformation. A function χ : G→ T is said to be a character
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of G if it is a continuous homomorphism, where T is the topological group of complex
numbers {eix : −π 6 x < π} under multiplication (for more details on T, see Section 3).
The group of all characters of G is called the character group of G and is denoted by
Ĝ. The character group Ĝ of G is also a locally compact Abelian T0–topological group
having a countable basis of its topology (see, e.g., Theorems 23.15 and 24.14 in Hewitt and
Ross [8]). For every bounded measure µ on G, let µ̂ : Ĝ→ C be defined by
µ̂(χ) :=
∫
G
χ dµ, χ ∈ Ĝ.
This function µ̂ is called the Fourier transform of µ. The usual properties of the Fourier
transformation can be found, e.g., in Heyer [9, Theorem 1.3.8, Theorem 1.4.2], in Hewitt
and Ross [8, Theorem 23.10] and in Parthasarathy [11, Chapter IV, Theorem 3.3].
If H is a compact subgroup of G then ωH will denote the Haar measure on H
(considered as a measure on G ) normalized by the requirement ωH(H) = 1. The
normalized Haar measures of compact subgroups of G are the only idempotents in the
semigroup of probability measures on G (see, e.g., Wendel [13, Theorem 1]). For all
χ ∈ Ĝ,
ω̂H(χ) =
{
1 if χ(x) = 1 for all x ∈ H ,
0 otherwise,
(2.1)
i.e., ω̂H = 1H⊥, where
H⊥ :=
{
χ ∈ Ĝ : χ(x) = 1 for all x ∈ H
}
is the annihilator of H . Clearly ωH ∈ Iw(G), since ωH ∗ ωH = ωH .
Obviously δx ∈ Iw(G) for all x ∈ G.
A quadratic form on Ĝ is a nonnegative continuous function ψ : Ĝ→ R+ such that
ψ(χ1χ2) + ψ(χ1χ
−1
2 ) = 2(ψ(χ1) + ψ(χ2)) for all χ1, χ2 ∈ Ĝ.
The set of all quadratic forms on Ĝ will be denoted by q+(Ĝ). For a quadratic form
ψ ∈ q+(Ĝ), there exists a unique probability measure γψ on G determined by
γ̂ψ(χ) = e
−ψ(χ)/2 for all χ ∈ Ĝ,
which is a symmetric Gauss measure (see, e.g., Theorem 5.2.8 in Heyer [9]). Obviously
γψ ∈ Iw(G), since γψ = γ
∗n
ψ/n for all n ∈ N.
For a bounded measure η on G, the compound Poisson measure e(η) is the probability
measure on G defined by
e(η) := e−η(G)
(
δe + η +
η ∗ η
2!
+
η ∗ η ∗ η
3!
+ · · ·
)
,
where e is the identity element of G. The Fourier transform of a compound Poisson
measure e(η) is
(e(η))̂ (χ) = exp
{∫
G
(χ(x)− 1) dη(x)
}
, χ ∈ Ĝ. (2.2)
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Obviously e(η) ∈ Iw(G), since e(η) =
(
e(η/n)
)∗n
for all n ∈ N.
In order to introduce generalized Poisson measures, we recall the notions of a local inner
product and a Le´vy measure.
2.2 Definition. A continuous function g : G× Ĝ→ R is called a local inner product for
G if
(i) for every compact subset C of Ĝ, there exists U ∈ Ne such that
χ(x) = eig(x,χ) for all x ∈ U , χ ∈ C,
(ii) for all x ∈ G and χ, χ1, χ2 ∈ Ĝ,
g(x, χ1χ2) = g(x, χ1) + g(x, χ2), g(−x, χ) = −g(x, χ),
(iii) for every compact subset C of Ĝ,
sup
x∈G
sup
χ∈C
|g(x, χ)| <∞, lim
x→e
sup
χ∈C
|g(x, χ)| = 0.
Parthasarathy [11, Chapter IV, Lemma 5.3] proved the existence of a local inner product
for an arbitrary locally compact Abelian T0–topological group having a countable basis of
its topology.
2.3 Definition. A measure η on G with values in [0,+∞] is said to be a Le´vy measure
if η({e}) = 0, η(G \ U) < ∞ for all U ∈ Ne, and
∫
G
(1 − Reχ(x)) dη(x) < ∞ for all
χ ∈ Ĝ. The set of all Le´vy measures on G will be denoted by L(G).
We note that for all χ ∈ Ĝ there exists U ∈ Ne such that
1
4
g(x, χ)2 6 1− Reχ(x)6
1
2
g(x, χ)2, x ∈ U. (2.3)
Thus the requirement
∫
G
(1−Reχ(x)) dη(x) <∞ can be replaced by the requirement that∫
G
g(x, χ)2 dη(x) <∞ for some (and then necessarily for any) local inner product g.
For a Le´vy measure η ∈ L(G) and for a local inner product g for G, the generalized
Poisson measure πη, g is the probability measure on G defined by
π̂η, g(χ) = exp
{∫
G
(
χ(x)− 1− ig(x, χ)
)
dη(x)
}
for all χ ∈ Ĝ
(see, e.g., Chapter IV, Theorem 7.1 in Parthasarathy [11]). Obviously πη, g ∈ Iw(G), since
πη, g = π
∗n
η/n, g for all n ∈ N. Note that for a bounded measure η on G with η({e}) = 0
we have η ∈ L(G) and e(η) = πη, g ∗ δmg(η), where the element mg(η) ∈ G, called the
local mean of η with respect to the local inner product g, is uniquely defined by
χ(mg(η)) = exp
{
i
∫
G
g(x, χ) dη(x)
}
for all χ ∈ Ĝ.
(The existence of a unique local mean is guaranteed by Pontryagin’s duality theorem.)
Let P(G) be the set of quadruplets (H, a, ψ, η), where H is a compact subgroup of
G, a ∈ G, ψ ∈ q+(Ĝ) and η ∈ L(G). Parthasarathy [11, Chapter IV, Corollary 7.1]
proved the following parametrization for weakly infinitely divisible measures on G.
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2.4 Theorem. (Parthasarathy) Let g be a fixed local inner product for G. If µ ∈
Iw(G) then there exists a quadruplet (H, a, ψ, η) ∈ P(G) such that
µ = ωH ∗ δa ∗ γψ ∗ πη, g. (2.4)
Conversely, if (H, a, ψ, η) ∈ P(G) then ωH ∗ δa ∗ γψ ∗ πη, g ∈ Iw(G).
In general, this parametrization is not one–to–one (see Parthasarathy [11, p.112, Remark
3]).
We say that µ ∈ Iw(G) has a non-degenerate idempotent factor if µ = µ′ ∗ ν for some
probability measures µ′ and ν such that ν is idempotent and ν 6= δe. Yasuda [14,
Proposition 1] proved the following characterization of weakly infinitely divisible measures
on G without non-degenerate idempotent factors, i.e., weakly infinitely divisible measures
on G for which in the representation (2.4) the compact subgroup H is {e}.
2.5 Theorem. (Yasuda) A probability measure µ on G is weakly infinitely divisible
without non-degenerate idempotent factors if and only if there exist an element a ∈ G and
a triangular array {µn,k : n ∈ N, k = 1, . . . , Kn} of probability measures on G such that
(i) for every compact subset C of Ĝ,
lim
n→∞
max
16k6Kn
sup
χ∈C
|µ̂n,k(χ)− 1| = 0,
(ii) for all χ ∈ Ĝ,
sup
n∈N
Kn∑
k=1
(1− |µ̂n,k(χ)|) < +∞,
(iii) δa ∗
*
Kn
k=1
µn,k
w
−→ µ as n → ∞, where
w
−→ means weak convergence and
*
Kn
k=1
µn,k
denotes the convolution of µn,k, k = 1, . . . , Kn.
We note that condition (i) of Theorem 2.5 is equivalent to the infinitesimality of the
triangular array {µn,k : n ∈ N, k = 1, . . . , Kn}, see, e.g., 5.1.12 in Heyer [9].
3 Weakly infinitely divisible measures on the torus
Consider the set T := {eix : −π 6 x < π} of complex numbers under multiplication. This
is a compact Abelian T0–topological group having a countable basis of its topology, and
it is called the 1–dimensional torus group. For elementary facts about T we refer to the
monographs Hewitt and Ross [8], Heyer [9] and Hofmann and Morris [10]. The character
group of T is T̂ = {χℓ : ℓ ∈ Z}, where
χℓ(y) := y
ℓ, y ∈ T, ℓ ∈ Z.
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Hence T̂ ∼= Z (i.e., T̂ and Z are topologically isomorphic). The compact subgroups of
T are
Hr := {e
2πij/r : j = 0, 1, . . . , r − 1}, r ∈ N,
and T itself.
The set of all quadratic forms on T̂ ∼= Z is q+
(
T̂
)
= {ψb : b ∈ R+}, where
ψb(χℓ) := bℓ
2, ℓ ∈ Z, b ∈ R+.
Let us define the functions arg : T→ [−π, π[ and h : R→ R by
arg(eix) := x, −π 6 x < π,
h(x) :=

0 if x < −π or x> π,
−x− π if −π 6 x < −π/2,
x if −π/26 x < π/2,
−x+ π if π/26 x < π.
A measure η on T with values in [0,+∞] is a Le´vy measure if and only if η({e}) = 0
and
∫
T
(arg y)2 dη(y) <∞. The function gT : T× T̂→ R,
gT(y, χℓ) := ℓh(arg y), y ∈ T, ℓ ∈ Z,
is a local inner product for T.
Note that I(T) = Iw(T), since (e
ix/n)n = eix, x ∈ [−π, π), n ∈ N.
Our aim is to show that for a weakly infinitely divisible measure µ on T there exist
independent real random variables U and Z such that U is uniformly distributed on a
suitable subset of R, Z has an infinitely divisible distribution on R, and ei(U+Z)
D
= µ.
We note that R is a locally compact Abelian T0–topological group, its character group
is R̂ = {χy : y ∈ R}, where χy(x) := eiyx. The function gR : R × R̂ → R, defined by
gR(x, χy) := yh(x), is a local inner product for R.
3.1 Theorem. If (H, a, ψb, η) ∈ P(T) then
ei(U+arg a+X+Y )
D
= ωH ∗ δa ∗ γψb ∗ πη, gT,
where U , X and Y are independent real random variables such that U is uniformly
distributed on [0, 2π] if H = T, U is uniformly distributed on {2πj/r : j = 0, 1, . . . , r−1}
if H = Hr, X has a normal distribution on R with zero mean and variance b, and the
distribution of Y is the generalized Poisson measure πarg◦η, gR on R, where the measure
arg◦η on R is defined by (arg◦η)(B) := η
(
{x ∈ T : arg(x) ∈ B}
)
for all Borel subsets
B of R.
Proof. Let U be a real random variable which is uniformly distributed on [0, 2π]. Then
for all χℓ ∈ T̂, ℓ ∈ Z, ℓ 6= 0,
Eχℓ(e
iU) = E eiℓU =
1
2π
∫ 2π
0
eiℓx dx = 0.
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Hence Eχℓ(e
iU ) = ω̂T(χℓ) for all χℓ ∈ T̂, ℓ ∈ Z, and we obtain eiU
D
= ωT.
Now let U be a real random variable which is uniformly distributed on {2πj/r : j =
0, 1, . . . , r − 1} with some r ∈ N. Then for all χℓ ∈ T̂, ℓ ∈ Z,
Eχℓ(e
iU) = E eiℓU =
1
r
r−1∑
j=0
e2πiℓj/r =
{
1 if r|ℓ,
0 otherwise.
Hence Eχℓ(e
iU ) = ω̂Hr(χℓ) for all χℓ ∈ T̂, ℓ ∈ Z, and we obtain e
iU D= ωHr .
For a ∈ T, we have a = ei arg a, hence ei arg a
D
= δa.
For b ∈ R+, the Fourier transform of the Gauss measure γψb has the form
γ̂ψb(χℓ) = e
−bℓ2/2, χℓ ∈ T̂, ℓ ∈ Z.
For all χℓ ∈ T̂, ℓ ∈ Z,
Eχℓ(e
iX) = E eiℓX = e−bℓ
2/2.
Hence Eχℓ(e
iX) = γψb(χℓ) for all χℓ ∈ T̂, ℓ ∈ Z, and we obtain e
iX D= γψb .
For a Le´vy measure η ∈ L(T), the Fourier transform of the generalized Poisson measure
πη, gT has the form
π̂η, gT(χℓ) = exp
{∫
T
(
yℓ − 1− iℓh(arg y)
)
dη(y)
}
, χℓ ∈ T̂, ℓ ∈ Z.
A measure η˜ on R with values in [0,+∞] is a Le´vy measure if and only if η˜({0}) = 0
and
∫
R
min{1, x2} dη˜(x) <∞. Consequently, arg◦η is a Le´vy measure on R, and for all
χℓ ∈ T̂, ℓ ∈ Z,
Eχℓ(e
iY ) = E eiℓY = exp
{∫
R
(
eiℓx − 1− iℓh(x)
)
d(arg◦η)(x)
}
= exp
{∫
T
(
yℓ − 1− iℓh(arg y)
)
dη(y)
}
.
Hence Eχℓ(e
iY ) = π̂η, gT(χℓ) for all χℓ ∈ T̂, ℓ ∈ Z, and we obtain e
iY D= πη, gT.
Finally, independence of U , X and Y implies
Eχ(ei(U+arg a+X+Y )) = Eχ(eiU ) · χ(ei arg a) · Eχ(eiX) · Eχ(eiY )
= ω̂H(χ) δ̂a(χ) γ̂ψb(χ) π̂η, gT(χ) = (ωH ∗ δa ∗ γψb ∗ πη, gT )̂ (χ)
for all χ ∈ T̂, hence we obtain the statement. ✷
4 Weakly infinitely divisible measures on the group of
p–adic integers
Let p be a prime. The group of p–adic integers is
∆p :=
{
(x0, x1, . . . ) : xj ∈ {0, 1, . . . , p− 1} for all j ∈ Z+
}
,
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where the sum z := x+ y ∈ ∆p for x, y ∈ ∆p is uniquely determined by the relationships
d∑
j=0
zjp
j ≡
d∑
j=0
(xj + yj)p
j mod pd+1 for all d ∈ Z+.
For each r ∈ Z+, let
Λr := {x ∈ ∆p : xj = 0 for all j 6 r − 1}.
The family of sets {x + Λr : x ∈ ∆p, r ∈ Z+} is an open subbasis for a topology on ∆p
under which ∆p is a compact, totally disconnected Abelian T0–topological group having a
countable basis of its topology. For elementary facts about ∆p we refer to the monographs
Hewitt and Ross [8], Heyer [9] and Hofmann and Morris [10]. The character group of ∆p
is ∆̂p = {χd,ℓ : d ∈ Z+, ℓ = 0, 1, . . . , pd+1 − 1}, where
χd,ℓ(x) := e
2πiℓ(x0+px1+···+pdxd)/p
d+1
, x ∈ ∆p, d ∈ Z+, ℓ = 0, 1, . . . , p
d+1 − 1.
The compact subgroups of ∆p are Λr, r ∈ Z+ (see Hewitt and Ross [8, Example 10.16
(a)]).
A measure η on ∆p with values in [0,+∞] is a Le´vy measure if and only if η({e}) = 0
and η(∆p \ Λr) <∞ for all r ∈ Z+.
Since the group ∆p is totally disconnected, the only quadratic form on ∆̂p is ψ = 0, and
thus there is no nontrivial Gauss measure on ∆p. Moreover, the function g∆p : ∆p×∆̂p → R,
g∆p = 0 is a local inner product for ∆p.
Now we prove that I(∆p) 6= Iw(∆p) by showing that there exists an element x ∈ ∆p
such that δx 6∈ I(∆p). Indeed, the Dirac measure at the element (1, 0, . . . ) ∈ ∆p is not
infinitely divisible, since for each element y ∈ ∆p, the sum py has the form (0, z1, z2, . . .) ∈
∆p with some zi ∈ {0, 1, . . . , p− 1}, i ∈ N.
Our aim is to show that for a weakly infinitely divisible measure µ on ∆p there
exist integer–valued random variables U0, U1, . . . and Z0, Z1, . . . such that U0, U1, . . .
are independent of each other and of the sequence Z0, Z1, . . . , moreover U0, U1, . . . are
uniformly distributed on a suitable subset of Z, (Z0, . . . , Zn) has a weakly infinitely divisible
distribution on Zn+1 for all n ∈ Z+, and ϕ(U0+Z0, U1+Z1, . . . )
D
= µ, where the mapping
ϕ : Z∞ → ∆p, uniquely defined by the relationships
d∑
j=0
yjp
j ≡
d∑
j=0
ϕ(y)jp
j mod pd+1 for all d ∈ Z+, (4.1)
is a continuous homomorphism from the Abelian topological group Z∞ (furnished with the
product topology) onto ∆p. (Note that Z
∞ is not locally compact.) Continuity of ϕ
follows from the definition of the product topology and the fact that
ϕ−1(x+ Λr) = {y ∈ Z
∞ : (y0, y1, . . . , yr−1) ∈ Fx,r}
for all x ∈ ∆p, r ∈ Z+, where Fx,r is a suitable (open) subset of Zr.
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4.1 Theorem. If (Λr, a, 0, η) ∈ P(∆p) then
ϕ(U0 + a0 + Y0, U1 + a1 + Y1, . . . )
D
= ωΛr ∗ δa ∗ πη, g∆p ,
where U0, U1, . . . and Y0, Y1, . . . are integer–valued random variables such that U0, U1, . . .
are independent of each other and of the sequence Y0, Y1, . . . , moreover U0 = · · · = Ur−1 =
0 and Ur, Ur+1, . . . are uniformly distributed on {0, 1, . . . , p− 1}, and the distribution of
(Y0, . . . , Yn) is the compound Poisson measure e(ηn+1) for all n ∈ Z+, where the measure
ηn+1 on Z
n+1 is defined by ηn+1({0}) := 0 and ηn+1(ℓ) := η({x ∈ ∆p : (x0, x1, . . . , xn) =
ℓ}) for all ℓ ∈ Zn+1 \ {0}.
Proof. Since U0, U1, . . . and Y0, Y1, . . . are integer–valued random variables and the
mapping ϕ : Z∞ → ∆p is continuous, we obtain that ϕ(U0 + a0 + Y0, U1 + a1 + Y1, . . . ) is
a random element with values in ∆p.
First we show ϕ(U)
D
= ωΛr , where U := (U0, U1, . . . ). By (4.1) we obtain
Eχd,ℓ(ϕ(U)) = E e
2πiℓ(ϕ(U)0+pϕ(U)1+···+pdϕ(U)d)/p
d+1
= Ee2πiℓ(U0+pU1+···+p
dUd)/p
d+1
=

1
pd−r+1
p−1∑
jr=0
. . .
p−1∑
jd=0
e2πiℓ(p
rjr+···+pdjd)/p
d+1
= 0 if d> r and pd+1−r 6 |ℓ,
1 otherwise
for all d ∈ Z+ and ℓ = 0, 1, . . . , pd+1 − 1. Hence Eχd,ℓ(ϕ(U)) = ω̂Λr(χd,ℓ) for all d ∈ Z+
and ℓ = 0, 1, . . . , pd+1 − 1, and we obtain ϕ(U)
D
= ωΛr .
For a ∈ ∆p, we have a = ϕ(a0, a1, . . . ), hence ϕ(a0, a1, . . . )
D
= δa.
For a Le´vy measure η ∈ L(∆p), the Fourier transform of the generalized Poisson measure
πη, g∆p has the form
π̂η, g∆p (χd,ℓ) = exp
{∫
∆p
(
e2πiℓ(x0+px1+···+p
dxd)/p
d+1
− 1
)
dη(x)
}
for all d ∈ Z+ and ℓ = 0, 1, . . . , pd+1−1. We have ηn+1(Zn+1) = η(∆p\Λn+1) <∞, hence
ηn+1 is a bounded measure on Z
n+1, and the compound Poisson measure e(ηn+1) on Z
n+1
is defined. The character group of Zn+1 is (Zn+1)̂ = {χz0,z1,...,zn : z0, z1, . . . , zn ∈ T},
where χz0,z1,...,zn(ℓ0, ℓ1, . . . , ℓn) := z
ℓ0
0 z
ℓ1
1 · · · z
ℓn
n for all (ℓ0, ℓ1, . . . , ℓn) ∈ Z
n+1. The family
of measures {e(ηn+1) : n ∈ Z+} is compatible, since e(ηn+2)({ℓ} × Z) = e(ηn+1)({ℓ}) for
all ℓ ∈ Zn+1 and n ∈ Z+. Indeed, this is a consequence of
(e(ηn+2))̂ (χz0,z1,...,zn,1) = (e(ηn+1))̂ (χz0,z1,...,zn)
for all z0, z1, . . . , zn ∈ T, which follows from∫
Zn+2
(zℓ00 z
ℓ1
1 · · · z
ℓn
n − 1) dηn+2(ℓ0, ℓ1, . . . , ℓn, ℓn+1)
=
∫
Zn+1
(zℓ00 z
ℓ1
1 · · · z
ℓn
n − 1) dηn+1(ℓ0, ℓ1, . . . , ℓn)
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for all z0, z1, . . . , zn ∈ T, where both sides are equal to
∫
∆p
(zx00 z
x1
1 · · · z
xn
n − 1) dη(x). This
integral is finite, since∫
∆p
|zx00 z
x1
1 · · · z
xn
n − 1| dη(x) =
∫
∆p\Λn+1
|zx00 z
x1
1 · · · z
xn
n − 1| dη(x)
6 2η(∆p \ Λn+1) <∞.
By Kolmogorov’s Consistency Theorem, there exists a sequence Y0, Y1, . . . of integer–valued
random variables such that the distribution of (Y0, . . . , Yn) is the compound Poisson measure
e(ηn+1) for all n ∈ Z+. For all d ∈ Z+ and ℓ = 0, 1, . . . , p
d+1 − 1 we have
Eχd,ℓ(ϕ(Y0, Y1, . . . )) = E e
2πiℓ(Y0+pY1+···+pdYd)/p
d+1
= exp
{∫
Zd+1
(
e2πiℓ(ℓ0+pℓ1+···+p
dℓd)/p
d+1
− 1
)
dηd+1(ℓ0, ℓ1, . . . , ℓd)
}
= exp
{∫
∆p
(
e2πiℓ(x0+px1+···+p
dxd)/p
d+1
− 1
)
dη(x)
}
.
Hence Eχd,ℓ(ϕ(Y0, Y1, . . . )) = π̂η, g∆p (χd,ℓ) for all d ∈ Z+ and ℓ = 0, 1, . . . , p
d+1 − 1, and
we obtain ϕ(Y0, Y1, . . . )
D
= πη, g∆p .
Since the sequences U0, U1, . . . and Y0, Y1, . . . are independent and the mapping
ϕ : Z∞ → ∆p is a homomorphism, we have
Eχ(ϕ(U0 + a0 + Y0, U1 + a1 + Y1, . . . ))
= Eχ(ϕ(U0, U1, . . . )) · χ(ϕ(a0, a1, . . . )) · Eχ(ϕ(Y0, Y1, . . . ))
= ω̂Λr(χ) δ̂a(χ) π̂η, g∆p (χ) = (ωΛr ∗ δa ∗ πη, g∆p )̂ (χ)
for all χ ∈ ∆̂p, and we obtain the statement. ✷
5 Weakly infinitely divisible measures on the p–adic
solenoid
Let p be a prime. The p–adic solenoid is a subgroup of T∞, namely,
Sp =
{
(y0, y1, . . . ) ∈ T
∞ : yj = y
p
j+1 for all j ∈ Z+
}
.
This is a compact Abelian T0–topological group having a countable basis of its topology.
For elementary facts about Sp we refer to the monographs Hewitt and Ross [8], Heyer [9]
and Hofmann and Morris [10]. The character group Sp is Ŝp = {χd,ℓ : d ∈ Z+, ℓ ∈ Z},
where
χd,ℓ(y) := y
ℓ
d, y ∈ Sp, d ∈ Z+, ℓ ∈ Z.
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The set of all quadratic forms on Ŝp is q+
(
Ŝp
)
= {ψb : b ∈ R+}, where
ψb(χd,ℓ) :=
bℓ2
p2d
, d ∈ Z+, ℓ ∈ Z, b ∈ R+.
A measure η on Sp with values in [0,+∞] is a Le´vy measure if and only if η({e}) = 0
and
∫
Sp
(arg y0)
2 dη(y) <∞. The function gSp : Sp × Ŝp → R,
gSp(y, χd,ℓ) :=
ℓh(arg y0)
pd
, y ∈ Sp, d ∈ Z+, ℓ ∈ Z,
is a local inner product for Sp.
Using a result of Carnal [5], Becker-Kern [3] showed that all the Dirac measures on Sp
are infinitely divisible, which implies I(Sp) = Iw(Sp).
Our aim is to show that for a weakly infinitely divisible measure µ on Sp without an
idempotent factor there exist real random variables Z0, Z1, . . . such that (Z0, . . . , Zn) has
a weakly infinitely divisible distribution on R×Zn for all n ∈ Z+, and ϕ(Z0, Z1, . . . )
D
= µ,
where the mapping ϕ : R× Z∞ → Sp, defined by
ϕ(y0, y1, y2, . . . )
:=
(
eiy0 , ei(y0+2πy1)/p, ei(y0+2πy1+2πy2p)/p
2
, ei(y0+2πy1+2πy2p+2πy3p
2)/p3 , . . .
)
for (y0, y1, y2, . . . ) ∈ R× Z∞, is a continuous homomorphism from the Abelian topological
group R× Z∞ (furnished with the product topology) onto Sp. Continuity of ϕ follows
from the fact that Sp as a subspace of T
∞ is furnished with the relative topology. Note
that R×Z∞ is not locally compact, but R×Zn is a locally compact Abelian T0–topological
group having a countable basis of its topology for all n ∈ Z+. The character group of R×Zn
is (R× Zn)̂ = {χy,z : y ∈ R, z ∈ Tn}, where χy,z(x, ℓ) := eiyxzℓ11 · · · zℓnn for all x, y ∈ R,
z = (z1, . . . , zn) ∈ Tn and ℓ = (ℓ1, . . . , ℓn) ∈ Zn. The function gR×Zn
(
(x, ℓ), χy,z
)
:= yh(x)
is a local inner product for R× Zn.
We also find independent real random variables U0, U1, . . . such that U0, U1, . . . are
uniformly distributed on suitable subsets of R and ϕ(U0, U1, . . . )
D
= ωSp.
5.1 Theorem. If ({e}, a, ψb, η) ∈ P(Sp) then
ϕ(τ(a)0 +X0 + Y0, τ(a)1 + Y1, τ(a)2 + Y2, . . . )
=
(
a0e
i(X0+Y0), a1e
i(X0+Y0+2πY1)/p, a2e
i(X0+Y0+2πY1+2πY2p)/p2 , . . .
)
D
= δa ∗ γψb ∗ πη, gSp ,
where the mapping τ : Sp → R× Z∞ is defined by
τ(x) :=
(
arg x0,
p arg x1 − arg x0
2π
,
p arg x2 − arg x1
2π
, . . .
)
for x = (x0, x1, . . . ) ∈ Sp. Here X0, Y0 are real random variables and Y1, Y2, . . . are
integer–valued random variables such that X0 is independent of the sequence Y0, Y1, . . . , the
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variable X0 has a normal distribution with zero mean and variance b, and the distribution
of (Y0, . . . , Yn) is the generalized Poisson measure πηn+1, gR×Zn for all n ∈ Z+, where the
measure ηn+1 on R× Zn is defined by ηn+1({0}) := 0 and
ηn+1(B × {ℓ}) := η
({
x ∈ Sp : τ(x)0 ∈ B, (τ(x)1, . . . , τ(x)n) = ℓ
})
for all Borel subsets B of R and for all ℓ ∈ Zn with 0 6∈ B × {ℓ}.
Moreover,
ϕ(U0, U1, . . . )
D
= ωSp,
where U0, U1, . . . are independent real random variables such that U0 is uniformly dis-
tributed on [0, 2π] and U1, U2, . . . are uniformly distributed on {0, 1, . . . , p− 1}.
Proof. Since X0, Y0 and U0, U1, . . . are real random variables and Y1, Y2, . . . are integer–
valued random variables and the mapping ϕ : R× Z∞ → Sp is continuous, we obtain that
ϕ(τ(a)0 + X0 + Y0, τ(a)1 + Y1, τ(a)2 + Y2, . . . ) and ϕ(U0, U1, . . . ) are random elements
with values in Sp.
For a ∈ Sp, we have a = ϕ(τ(a)), hence ϕ(τ(a))
D
= δa.
For b ∈ R+, the Fourier transform of the Gauss measure γψb has the form
γ̂ψb(χd,ℓ) = exp
{
−
bℓ2
2p2d
}
, d ∈ Z+, ℓ ∈ Z.
For all d ∈ Z+ and ℓ ∈ Z,
Eχd,ℓ(ϕ(X0, 0, 0, . . . )) = E e
iℓX0/pd = exp
{
−
bℓ2
2p2d
}
.
Hence Eχd,ℓ(ϕ(X0, 0, 0, . . . )) = γ̂ψb(χd,ℓ) for all d ∈ Z+ and ℓ ∈ Z, and we obtain that
ϕ(X0, 0, 0, . . . )
D
= γψb.
For a Le´vy measure η ∈ L(Sp), the Fourier transform of the generalized Poisson measure
πη, gSp has the form
π̂η, gSp(χd,ℓ) = exp
{∫
Sp
(
yℓd − 1− iℓh(arg y0)/p
d
)
dη(y)
}
for all d ∈ Z+ and ℓ ∈ Z. A measure η˜ on R× Zn with values in [0,+∞] is a Le´vy
measure if and only if η˜({0}) = 0, η˜({(x, ℓ) ∈ R × Zn : |x|> ε or ℓ 6= 0}) < ∞ for all
ε > 0, and
∫
R×Zn
h(x)2 dη˜(x, ℓ) <∞. We have
ηn+1({(x, ℓ) ∈ R× Z
n : |x|> ε or ℓ 6= 0})
= η({y ∈ Sp : | arg y0|> ε or (τ(y)1, . . . , τ(y)n) 6= 0}) = η(Sp \Nε,n) <∞
for all ε ∈ (0, π), where
Nε,n := {y ∈ Sp : | arg y0| < ε, | arg y1| < ε/p, . . . , | arg yn| < ε/p
n}.
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Moreover,
∫
R×Zn h(x)
2 dηn+1(x, ℓ) =
∫
Sp
h(arg y0)
2 dη(y) < ∞, since η is a Le´vy measure
on Sp. Consequently, ηn+1 is a Le´vy measure on R × Zn. The family of measures
{πηn+1, gR×Zn : n ∈ Z+} is compatible, since πηn+2, gR×Zn+1 ({x} × Z) = πηn+1, gR×Zn ({x}) for
all x ∈ R× Zn+1 and n ∈ Z+. Indeed, this is a consequence of
(πηn+2, gR×Zn+1 )̂ (χy,z1,...,zn,1) = (πηn+1, gR×Zn )̂ (χy,z1,...,zn)
for all y ∈ R, z1, . . . , zn ∈ T, which follows from∫
R×Zn+1
(
eiyxzℓ11 · · · z
ℓn
n − 1− iyh(x)
)
dηn+2(x, ℓ1, . . . , ℓn, ℓn+1)
=
∫
R×Zn
(
eiyxzℓ11 · · · z
ℓn
n − 1− iyh(x)
)
dηn+1(x, ℓ1, . . . , ℓn)
for all y ∈ R, z1, . . . , zn ∈ T, where both sides are equal to
I :=
∫
Sp
(
eiy arg x0z
(p arg x1−argx0)/(2π)
1 · · · z
(p argxn−argxn−1)/(2π)
n
− 1− iyh(arg x0)
)
dη(x).
This integral is finite. Indeed, for all x ∈ Nε,n and 0 < ε < π/2 we have p arg xk = arg xk−1
for each k = 1, . . . , n, hence
|I|6 (2 + π|y|) η(Sp \Nε,n) +
∫
Nε,n
|eiy argx0 − 1− iy arg x0| dη(x)
6 (2 + π|y|) η(Sp \Nε,n) +
1
2
∫
Nε,n
(arg x0)
2 dη(x) <∞,
since η is a Le´vy measure on Sp. By Kolmogorov’s Consistency Theorem, there exist
a real random variable Y0 and a sequence Y1, Y2, . . . of integer–valued random variables
such that the distribution of (Y0, . . . , Yn) is the generalized Poisson measure πηn+1, gR×Zn
for all n ∈ Z+. For all d ∈ Z+ and ℓ ∈ Z, we have
Eχd,ℓ(ϕ(Y0, Y1, . . . )) = E e
iℓ(Y0+2πY1+···+2πYdp
d−1)/pd
= exp
{∫
R×Zd
(
eiℓ(x+2πℓ1+···+2πℓdp
d−1)/pd − 1− iℓh(x)/pd
)
dηd+1(x, ℓ1, . . . , ℓd)
}
= exp
{∫
Sp
(
yℓd − 1− iℓh(arg y0)/p
d
)
dη(y)
}
.
Hence Eχd,ℓ(ϕ(Y0, Y1, . . . )) = π̂η, gSp (χd,ℓ) for all d ∈ Z+ and ℓ ∈ Z, and we obtain
ϕ(Y0, Y1, . . . )
D
= πη, gSp .
Since the sequence Y0, Y1, . . . and the random variable X0 are independent and the
mapping ϕ : R× Z∞ → Sp is a homomorphism, we get
Eχ(ϕ(τ(a)0 +X0 + Y0, τ(a)1 + Y1, τ(a)2 + Y2, . . . ))
= χ(ϕ(τ(a)0, τ(a)1, . . . )) · Eχ(ϕ(X0, 0, 0, . . . )) · Eχ(ϕ(Y0, Y1, . . . ))
= δ̂a(χ) γ̂ψb(χ) π̂η, gSp (χ) = (δa ∗ γψb ∗ πη, gSp )̂ (χ)
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for all χ ∈ Ŝp, and we obtain the first statement.
For all d ∈ Z+ and ℓ ∈ Z \ {0},
Eχd,ℓ(ϕ(U0, U1, . . . )) = E e
iℓ(U0+2πU1+···+2πUdp
d−1)/pd
=
1
2πpd
∫ 2π
0
eiℓx/p
d
dx
p−1∑
j0=0
. . .
p−1∑
jd−1=0
e2πiℓ(j0+j1p+···+jd−1p
d−1)/pd = 0.
Hence Eχd,ℓ(ϕ(U0, U1, . . . )) = ω̂Sp(χd,ℓ) for all d ∈ Z+ and ℓ ∈ Z, and we obtain
ϕ(U0, U1, . . . )
D
= ωSp. ✷
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